ABSTRACT The frequency of the observed gravitational wave (GW) signal GW150914 changes slowly over a long time in the low frequency band and then increases rapidly from low to high frequency band, the frequency variance over time of such signals cannot be analyzed and visualized accurately using current analytical methods due to their fixed analytical window lengths or low time-frequency resolutions. To obtain high-accuracy GW representations, we propose the use of multiwindow nonharmonic analysis (NHA); in this method, NHA is performed using different window lengths for each subband after a band division procedure. A simulated signal was used to compare the results obtained using NHA and multiwindow NHA in this paper. The results distinctly show that the error of multiwindow NHA is 6.311 Hz which is lower than NHA. We also compared the results of multiwindow NHA with those of state-of-the-art methods by using actual GW150914 data and verified the analytical precision of these techniques. We found that the high timefrequency resolution of multiwindow NHA and its low sensitivity to analysis window variations enable it to analyze more accurately with 6.021 Hz errors in the extracted interval than the state-of-the-art methods even with the presence of significant noise. In addition, only multiwindow NHA can accurately represent GW signals at amplitudes down to the noise limit and achieve correct low-frequency range representation, due to its ability to assign the appropriate window length for each subband.
I. INTRODUCTION
The existence of gravitational waves (GWs), first predicted based on Einstein's theory of relativity, has been proven only indirectly [1] . GWs were first detected by the Laser Interferometer Gravitational-Wave Observatory (LIGO) detectors in Hanford, Washington state, and Livingston, Louisiana, USA on September 14, 2015; this event was named GW150914 [2] - [4] . This observation was heralded as inaugurating a new era of gravitational-wave astronomy, that will enable observations of violent astrophysical events that were not previously possible, and potentially allow direct observation of the very earliest history of the universe [2] , [3] . Laser-interferometer-based GW detectors currently in operation include LIGO [5] , [6] , the Virgo interferometer [7] , [8] , and the Kamioka Gravitational Wave Detector (KAGRA) [9] , [10] .
GW signals can originate from several different sources, such as coalescence of two neutron stars, coalescence of a neutron star and a black hole, and coalescence of two black holes [11] , [12] ; the latter cosmic event is thought to have generated the observed GW150914 signal [2] . In addition to the GW150914 event, several GW events have been detected, such as GW151226 [13] , GW170104 [14] , GW170608 [15] , GW170814 [16] , and GW170817 [17] . The time of GW occurrence can only be detected using a matched filter [18] , [19] , but it is difficult to extract frequency changes accurately along the timeline of a GW event. Therefore, GW analysis must be performed using time-frequency analysis [20] .
Moreover, in the actual analysis, the measurement data acquired by such detectors are influenced by the various noises caused by power supply noise, photon shot noise, etc., which are significantly larger than the typical GW observation signals [2] , [21] , [22] . These noises seriously affect the observation and analysis of GW signal in timefrequency domain. Therefore, the time-frequency analysis method needs a high frequency resolution and noise rejection capability.
For GW time-frequency analysis, there are several timefrequency analysis methods. For example, short-time Fourier transforms (STFTs) [23] - [25] are commonly used to confirm the frequency of sine wave in a local area of a timevarying signal. Wavelet transforms [2] , [13] - [17] , [26] , [27] are the most widely used for the time-frequency analysis of GW signal at present. Furthermore, in 2017, a new multicomponent signal analysis method for GW signals called the Fourier-based synchrosqueezing transform (FSST) method was proposed [28] . Although each of these methods has its own characteristics and advantages, as the influence of noise and the frequency of GW signal changes differently at the different period, it is difficult to analyze and extract the frequency changes of a GW signal accurately.
In this paper, we propose a new method called multiwindow nonharmonic analysis (NHA) to improve the analytical precision of GW signal in time-frequency domain by using the simulated and actual signals. According to the analysis of the simulated signal, the proposed method is clarified to be progressive and feasible for the GW analysis; and by analyzing the actual signal, we experimentally demonstrate the proposed method can effectively improve the time-frequency resolution and noise rejection capability than the state-of-theart methods.
II. RELATED WORKS
STFT is the most widely used method in time-frequency analysis; if the period of a signal is constant, highly accurate analysis results can be obtained. However, for signals with variable frequencies, such as GWs, as the analytical window length can significantly influence the analytical precision of STFT [29] , it is difficult to analyze signals whose periods are not constants; therefore, the analytical precision decreases. Furthermore, as the analytical window length needs to be fixed according to the frequency, it is difficult to achieve the compatibility between the time and frequency resolutions. Hence, if the window length is short, the frequency resolution decreases, whereas the time resolution decreases in the case of a long window length. Therefore, STFT is unsuitable for GW analysis.
Wavelet transforms are useful for analyzing time series with different time scales or changes in variance, and wavelet analysis is used to determine the dominant modes of a signal and its evolution with time. It also enables easier detection of short-duration events within large series of time [30] . Furthermore, the basis function is scaled, making it possible to analyze a wide frequency domain; however, wavelet transforms yield poor time resolution in the low-frequency range and poor frequency resolution in the high-frequency range [31] , [32] . Consequently, it is difficult to represent the frequency variation of a signal accurately.
FSST as a new multicomponent signal analysis method was proposed in 2017. This technique provides a highly concentrated time-frequency representation for a wide variety of AM-FM multicomponent signals and enables reconstruction of their modes with high accuracy. However, the FSST technique is still based on the STFT method, which is strongly influenced by the analytical window length and preprocessing method variability. Therefore, questions regarding its improvement relative to the STFT method and sensitivity to preprocessing changes make its effectiveness unclear.
We proposed the use of nonharmonic analysis (NHA) to reduce the influence of the analytical window length and to achieve a tradeoff between the time and frequency resolutions. NHA has already proved effective in image signal processing [33] , [34] , audio [35] , video [36] , stock price fluctuation [37] , and medical tomography technology [38] - [40] applications. Line noise, such as power supply noise and violin modes, is mixed with GW signals, and its amplitude is higher than that of GW signals [41] . Consequently, when GWs are visualized and detected in the time-frequency domain, some GW components are occluded by the line noise, rendering their observation and analysis very difficult. Note that the line noise is generally removed by using a notch filter, but if the notch filter is implemented in the frequency band in which the line noise exists, the GW signal near the line noise is also removed and the original GW characteristics near the line noise will be lost. As NHA achieves a high frequency resolution and noise rejection capability, it is possible to visualize and analyze the GW signal in a noisy environment, and weak GW signal information can be extracted and represented without employing a notch filter.
However, like the GW150914 signal, the frequency changes slowly over a long time in the low frequency band (∼35 Hz) and then increases rapidly from the low to high frequency band at about 250 Hz over a few milliseconds [2] , [42] , [43] , as the window lengths of the STFT method and many other analysis methods are only suitable for a restricted frequency range; it is difficult to represent this type of signal using a fixed window length. The NHA method can be successfully used to analyze signal over wide frequency ranges by using a fixed window length, because the window length has less influence on NHA than on the STFT method and others. However, as the frequency of signal varies with time inconstantly, the tradeoff between time and frequency resolution becomes difficult.
Therefore, it is important and essential to propose a new time-frequency analysis method to accurate analyze the frequency change of GW signal.
III. MULTIWINDOW NHA
The sources of GW signal may different, but the basic features are similar. Fig. 1 shows the basic features of GW signal. Figs. 1(a) and (b) present the amplitude and frequency variation of GW signal in the time domain, respectively. As shown in Fig. 1 , the basic features of GW point to it being produced by inspiral and merger, and subsequent final ringdown.
For analyzing the period of inspiral, because the duration is relatively long, the frequency is a low value with little fluctuation, and the signal-to-noise ratio (SNR) is very low, a long analytical window length should be used to improve the frequency resolution and the SNR in low frequency band.
However, as the signal increases rapidly in frequency and amplitude from the low to high frequency band over a short time in the merger period, where the amplitude achieving a maximum enhances the SNR, thus, for accurate analysis and observation of the rapid frequency change of a GW signal, a short analytical window length is essential to improve the time resolution in this period.
Therefore, as the time duration, frequency variation, and the SNR of inspiral and merger are entirely different, it is difficult to assign a consistent window length throughout the entire time duration for GW signal since they are different in different frequency band as shown in Table 1 .
Because the amplitude exponentially damps from peak to zero immediately in the period of ringdown even though the frequency is still at its peak, the SNR equals zero immediately [2] , [44] - [46] . Thus, it is difficult to observe and visualize the signal in the period of ringdown, and the timefrequency analysis of GW signal points to the periods of inspiral and merger, not ringdown at the present stage.
In order to analyze and observe the GW signal accurately and solve the problem caused by noises and limitations of the above-mentioned methods, we propose a new multiwindow NHA analysis method, in which band division is performed in the frequency domain, the appropriate window length is assigned for each subband, and the standard NHA is performed to analyze and represent a GW signal at the appropriate window length for each subband by conducting the following steps.
Algorithm 1 Flow Chat of Multiwindow NHA
1: Determine the parameters for performing octave band division, 2: Perform band division by using the bandpass filter for the determined band, 3: Set the appropriate window length for each subband and perform NHA, 4: Summarize and plot the analyzed data of each subband.
As a consequence, multiwindow NHA can inherit the specific advantages of NHA, minimize the influence of the analytical window length and the noise, and substantially improve the time and frequency resolutions.
A. NHA METHOD DESCRIPTION
The STFT as a Fourier-related transform has been commonly used for frequency analysis, in which the Fourier transform can be represented as follows:
where T is the analytical window length (f 1 = 1/T , n is a positive integer). Equation (1) is solved to determine the Fourier coefficients. As the Fourier transform is used for analyzing a completely periodic signal in an analysis window T , thus, the calculated frequencies (nf 1 ) depend on the window length T , and errors frequently occur in the analysis of nonharmonic signal frequencies. Moreover, if the length of the analysis window is decreased to increase the time resolution, the frequency resolution also decreases [33] .
As the Fourier coefficients are estimated based on the least squares method, NHA enables an accurate estimation of the frequency f , amplitude A, and initial phase ϕ, avoiding the dominance of the analytical window length. To minimize the sum of squares of the difference between the object signal and the sinusoidal model signal, f , A, and ϕ are calculated using the cost function, as follows:
where N is the total number of samples and t is the sampling interval ( t = 1/f s ; here, f s is the sampling frequency).
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In this way, NHA can reduce the effect of the analytical window length and can predict surrounding information from a part of the signal. Therefore, we apply the nonlinear equation process to (2) to perform the optimum calculation of the final value of f , as well as the parameters A and ϕ. By considering (2) as a cost function, this nonlinear optimization can be formulated as a minimization problem. In this formulation,f m andφ m are determined using the steepest descent method, producing the following expressions:
We use the following shorthand to express (3) and (4):
A can be uniquely determined only iff m andφ m are known. The following formula is used to cause A to converge:
where µ m is a weighting coefficient based on the retardation method and has a value between 0 and 1. This parameter is used to convert cost functions, calculated by using recurrence formulas, into a monotonically decreasing sequence [47] , [48] . This series of calculations is repeated so thatÂ m ,f m , andφ m converge with high accuracy. Although the steepest descent method causes values to converge over a comparatively wide range, a single series of operations is unable to ensure sufficient accuracy. To achieve highly accurate conversion, NHA improves the accuracy by applying Newton's method after the application of the steepest descent method. The following recurrence formula is used for Newton's method:
where
Equations (7)- (9) can be written as
where µ m and ν m are weighting coefficients that are based on the retardation method [49] , [50] . After applying (7) and (8),Â m is made to converge by applying (6) in the same manner as the steepest descent method and the series of calculations is repeated. Thus, the frequency parameters are quickly estimated to a high degree of accuracy by employing a hybrid process that combines the steepest descent method with Newton's method. Even in a case where there are several sinusoidal waves, the spectral parameters can be approximately derived by sequential reduction in which the extraction principle is that the amplitude of frequency component which owns the largest value will be extracted every time, and the same process will be implemented in the rest frequency components until the extraction will be repeated for J times. Here, x(n) is expressed as the sum of J sinusoidal waves in the following manner:
According to Parseval's theorem, the object signal frequency f j and the model signal's frequencyf do not match at all; that is, if
then
In addition, if the pair off andφ matches either f j or ϕ j , then
If both A j and A match, a frequency component of an estimated spectrum can be erased completely from an object signal. Therefore, the problem of acquiring an optimum solution is frequency-independent and is applicable to a signal consisting of several sinusoidal waves by sequential and individual estimation from the object signal. In other words, even when the object signal is a composite sinusoidal wave, several sinusoidal waves can be extracted by performing similar processing on sequential residual signals [35] .
According to these analyses, the NHA method differs from the integral-method-based Fourier transform technique because its accuracy does not depend on the analytical window length; thus, the frequency and other associated parameters can be calculated accurately and side lobes are not generated.
For example, Figs. 2 and 3 show the spectrum analysis results of a sinusoidal wave model processed using the FFT and NHA techniques. The signal in time t = 1 s has amplitude A = 1 and frequencies (Fig. 2 ) f = 2 Hz and (Fig. 3) integer, as shown in Fig. 2 . However, as the GW signal frequency changes inconstantly with time and the orthogonality of sinusoidal wave does not hold within incomplete periods, if the frequency of a particular waveform is not an integer, such as the case shown in Fig. 3 , owing to the influence of the analysis window, side lobes appear, and the amplitude disperses into components in adjacent frequency bands when the FFT method is used. However, as NHA can overcome the influence of the analytical window length, side lobes will not appear, and even if three frequency components were estimated in each time interval, only one frequency component was showed, the rest two are equal to zero; thus, the values of amplitude and frequency can be estimated accurately.
Therefore, NHA can be employed to track the frequency changes finely and achieve high frequency resolution.
B. OCTAVE DIVISION METHOD
Many GW signals, including the GW150914 signal, show low-frequency characteristics over a long time and rapid lowto-high frequency variations. Therefore, both high frequency resolution and high time resolution are essential. However, as it is difficult to extract GW signal characteristics in detail by equally dividing the frequency band, we used octave division to subdivide the frequency band finely.
As the highest analytical frequency has been determined in advance, if the frequency band partitioning is performed from the highest frequency to low frequency, the frequency band can be evenly divided proportionally until 0 Hz, but not vice versa. Therefore, the frequency band partitioning is performed according to the necessary number of subbands and the division is performed from high to low frequency. Considering the characteristics of GW signal, for the highest frequency f 0 , the analytical frequency range of the highestfrequency subband is the widest, and the widths of subsequent frequency subbands decrease in proportion to the frequency. Let f k be the lower band limit of the k-frequency sub-band, which can be calculated for a proportional factor n m as
Moreover, it is necessary to assign an appropriate analytical time interval to each frequency subband. For the lowestfrequency subband, the analytical time interval should be the largest, and the higher the frequency subband, the shorter its analytical time interval. The analytical time interval t k is the inverse of the lower band limit of the k-frequency sub-band calculated as
As the lower band limit of the last subband is zero, we set the analytical time interval of the last subband to be 1.5 times longer than that of the penultimate interval.
IV. COMPARISON OF NHA AND MULTIWINDOW NHA
Binary star coalescence events are among the primary targets of global GW detectors. GW150914 is a recorded GW signal that is believed to have been produced by the coalescence of two black holes [43] . As the chirp wave that is characteristic of a GW signal generated by binary star coalescence, a simulation signal with a frequency that first changed a little in a low value over a long time and then increased rapidly from low to high over a short time was created by:
where t is the duration of signal and f is the frequency. As the frequency of GW150914 signal increased drastically in a short time, the peak of frequency is below 300 Hz, and the sampling frequency is 4096 Hz; the simulation signal duration was t = 1 s, the maximum frequency was f = 300 Hz, and the sampling frequency was f s = 4096 Hz. Fig. 4 shows the simulation signal results processed by NHA for different window lengths and multiwindow NHA. (17) was plotted on each graph as a red line. Whether using NHA for different window lengths or multiwindow NHA, we have estimated ten frequency components in each time interval because the amplitude ratio between the largest and lowest components is 10 −3 (−60dB). Fig. 4(b) shows how a short window length can be used to analyze high frequencies of up to 300 Hz accurately. Although fast frequency changes are correctly analyzed in the higher-frequency range, as the frequency change of the signal is rather small over a long time in the lower-frequency range, it is difficult to accurately estimate the periodic change of the signal within each analysis interval using a short window length; spectral artifacts may occur that significantly impact the accuracy of the results in the low-frequency range. In particular, if the amplitude is close to zero as shown on the vertical axis of Fig. 4(a) , the estimation of frequency change is the most difficult and it is the intersecting point between positive and negative at this moment that caused the great fluctuation. Fig. 4 (c) exhibits poor results in the high-frequency range compared to those in Fig. 4(b) , while the distortions in the low-frequency range are reduced since the window length be longer. For a stationary signal which has a frequency that changes slowly, NHA can perform analysis using a long window length; whereas if the frequency changes rapidly, as NHA does not depend on the window length, it can analyze the signal using a short window length; however, STFT cannot due to the effect of window length. However, as the GW signal is not a stationary signal (the frequency change is not constant), using a fixed window length to analyze the frequency change of GW signal over the entire frequency range is not appropriate; thus, the errors will appear in different frequency ranges by using different window lengths, even if the NHA does not depend on the window length.
In the case of multiwindow NHA shown as Fig. 4(e) , for detailed analysis, the band division is defined by a maximum frequency f 0 = 300 Hz, Table 2 . Compared with NHA over the entire frequency range, multiwindow NHA can assign appropriate window lengths and accurately represent the low-to-high frequency changes of the signal while significantly suppressing distortions over the entire frequency range and the analyzed results are highly coincident with the curve of equation (17) . Therefore, multiwindow NHA as an analysis method is effective for GW signal processing. from 0 s to 0.942 s. In addition, the curve of equation (17) in the same time period was extracted and used as the datum line.
The frequency errors of the NHA(32), NHA(128), NHA(512), and multiwindow NHA results were calculated by:
where e is the mean frequency error of the extracted interval of the NHA(32), NHA(128), NHA(512), or multiwindow NHA results and the datum line; M is the number of NHA(32), NHA(128), NHA(512), multiwindow NHA, and datum line data in the extracted interval; f (m) is the NHA(32), NHA(128), NHA(512), or multiwindow NHA data in the extracted interval; andf (m) is the datum line data in the extracted interval. In the case of NHA(32), NHA(128), and NHA(512), the mean frequency error of this interval is 10.458 Hz, 13.980 Hz, and 15.097 Hz, respectively. However, the mean frequency error in the multiwindow NHA case is 6.311 Hz. Thus, the analytical precision of multiwindow NHA is quite high, whose error is distinctly less than the NHA(32), NHA(128), and NHA(512) errors.
In conclusion, multiwindow NHA is effective for obtaining accurate spectral representations of signals whose characteristics are similar to the GW.
V. GW150914 SIGNAL ANALYSIS
GW signals include superimposed noise originating from numerous sources, such as ground vibrations [51] , [52] . Therefore, the analysis must be applied to and validated for the model signal as well as an actual signal with noise. A GW detector has an amplitude detection limit that is defined by a sensitivity curve specific to each frequency range [2] . The duration of GW150914 data (H-H1 LOSC-4 V1-1126259446-32.txt) [53] is 32 s, and it was cut into a 0.7-s period from 16 s to 16.7 s, where the GW signal frequency peaks at 16.44 s [54]. To limit the influence of noise, we performed whitening in the frequency domain in a manner similar to the analysis procedure applied to the GW150914 signal [55] . The noise-containing GW signal was divided by the LIGO sensitivity curve, and the data were analyzed using the STFT, wavelet transform, FSST4, and multiwindow NHA methods. Fig. 5 shows the analysis results obtained for GW150914 using the above-mentioned methods, with the sampling frequency f s = 4096 Hz and a processed signal duration t = 0.7 s. Although the analytical window length for each method was different, the results shown for each method are the best obtained for the given analytical window length. For simplicity, we only present the analysis results from 0.1 s to 0.45 s and 0 Hz to 300 Hz. Fig. 5(a) depicts the signal after time-domain whitening, which is still clearly noisy. Fig. 5(b) shows the analysis results obtained using the STFT method with Hann window. After the black hole merger, a rapid frequency change occurs at 0.4 s [2] . However, the GW signal in the low-frequency range (0-50 Hz) before coalescence cannot be represented using this method because its frequency resolution is poor and the SNR is low, and thus it is difficult to separate the GW signal and noises during this period. Fig. 5 (c) presents the analysis results obtained using the wavelet transform method. As in the STFT technique, the rapid frequency changes in the frequency range of 50-300 Hz were represented in the wavelet transform method. However, the GW signal appears with a wide shadow, so the frequency changes cannot be observed or analyzed in detail. Moreover, the part where the GW signal does not exist appears as a spike, demonstrating that the influence of noise is strong. Fig. 5(d) shows the analysis results obtained using the new FSST4 method, which is the best FSST reconstruction method. In [28] , the window length was set to an optimum of 1024 samples (0.25 s); therefore, this window length was also used in this study. Although the GW signal appears as a continuous line in the FSST4 results, the noise also appears as continuous line segments. Moreover, the FSST4 performance is sensitive to the preprocessing method, but preprocessing such as band-rejection filtering was not performed in this study; thus, starting from 0.3 s, the GW signal is not represented continuously in the FSST4 results, as the signal exhibits fluctuations due to noise at approximately 0.36 s. Therefore, the noise immunity of the FSST4 method is insufficient, and the GW signal could not be visualized in the lowfrequency range. its analytical time interval and window length are shown in Table 3 . Compared to the other three techniques, multiwindow NHA shows significant superiority as it is the only technique that enabled accurate and clear representation of the signal from low to high frequency without noise-induced fluctuations from approximately 0.14 s before black hole coalescence. Moreover, by using the high time and frequency resolutions, the GW signal could be visualized as a continuous line with an extremely narrow shadow and the noise appears as a point. Thus, the time-frequency information is easily observable and could be analyzed in detail. In addition, as the appropriate window length was assigned by multiwindow NHA for each frequency subband, the GW signal could be separated accurately from high-level noise, indicating that multiwindow NHA enables high noise rejection.
VI. DISCUSSION
The ratio of the GW amplitude in the low-frequency range (0-50 Hz) to that in the high-frequency range in multiwindow NHA is about 0.083, which confirms that the wavelet transform can reproduce the signal in the low-frequency range since the amplitude ratio is basically consistent. However, as the visualization is very blurred, it is difficult to observe the frequency change of the GW in the low-frequency range using wavelet transform.
The FSST technique is a newly proposed analytical method that has some advantages, as evidenced by the numerical processing of synthetic and observed GW signals [28] . Moreover, the GW signal was visualized with a narrow shadow; thus, the FSST4 analysis results were selected for comparison. As the GW signal could be correctly represented from approximately 0.14 s duration by multiwindow NHA and the GW signal frequency peaked at 0.44 s in the truncation data of GW150914, a frequency component with the maximum amplitude of FSST4 and multiwindow NHA results was extracted at each time point in the 0.3 s period from 0.14 s to 0.44 s.
The template data (GW150914_4_template.hdf5) [56] describe the theoretical waveform summarized by LIGO and Virgo based on the characteristics of GW150914 with the sampling frequency f s = 4096 Hz. As the template extends to 16 s and the frequency peaked at 16 s [54], the template data in the 0.3 s period from 15.7 s to 16 s were extracted and used as the datum line. Fig. 6 shows the FSST4, multiwindow NHA, and GW150914 template extraction results for 0.3 s before the frequency peak. For simplicity, the datum line is shown for the FSST4 and multiwindow NHA extraction results and a single time axis is used for the FSST4 and multiwindow NHA results. Note that there are two time points of FSST4 without the data of analyzed result at about 0.42 s, consequently, located at 0 Hz causes the huge notch which cannot be seen distinctly in Fig. 5 .
The frequency errors of both the FSST4 and multiwindow NHA results were calculated using equation (18) , in which e is the mean frequency error of the extracted interval between the FSST4 or multiwindow NHA results and the datum line; M is the number of FSST4, multiwindow NHA, and datum line data in the extracted interval; f (m) is the FSST4 or multiwindow NHA data in the extracted interval; andf (m) is the datum line data in the extracted interval.
In the case of FSST4, the mean frequency error of this interval is 21.816 Hz. However, the mean frequency error in the multiwindow NHA case is 6.021 Hz. Thus, the multiwindow NHA error is less than a third of the FSST4 error, which is the most advanced proposed method thus far, and the analytical precision of multiwindow NHA is quite high even with significant noise.
Therefore, multiwindow NHA affords high time-frequency resolution, analytical precision, and noise reduction.
VII. CONCLUSION
Generalization of the GW150914 signal observations indicates that many GW signals may exhibit low-frequency characteristics over a long time and rapid low-to-high frequency variations, making signal representation difficult in the frequency domain owing to the trade-off relationship between time and frequency resolution specific to standard frequency analysis methods. Moreover, appropriate window length assignment is essential to enable accurate processing of a signal with long slow changing and rapidly changing frequency. Signals cannot be represented accurately in both the low-and high-frequency ranges by performing analysis using a fixed window length, whereas multiwindow NHA can be employed to analyze and represent GW signals accurately by using band division and assigning close-to-optimum window lengths from the low-to high-frequency range.
The GW150914 signal analysis results exhibited strong noise throughout the frequency band regardless of the methods used. However, the GW signal could not be correctly and clearly represented in the low-frequency range using the STFT, wavelet transform, and FSST4 methods; only by using multiwindow NHA could the GW signal be correctly and clearly represented without noise fluctuations in the low-frequency range. The multiwindow NHA results also exhibited improved representation and reproducibility for fast frequency changes over time in the mid-and high-frequency ranges. In addition, near the time of black hole coalescence when the GW frequency changes rapidly, the window can be made narrower, the time resolution can be improved, and the influence of noise can be suppressed by employing multiwindow NHA.
Moreover, the mean frequency error of the multiwindow NHA results was significantly lower than that of the FSST4 results in the 0.3 s period before coalescence when the frequency peaked. Thus, even with the presence of significant noise, the analytical precision of multiwindow NHA remains high.
Consequently, multiwindow NHA can be utilized to represent GW signals from the low-to high-frequency range accurately based on the high time-frequency resolution and analytical precision, and the influence of noise can be suppressed more effectively than if state-of-the-art methods were used.
In the future, we will employ multiwindow NHA to analyze data from LIGO, KAGRA, and other GW observation systems.
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